Abstract. In this paper, the authors obtain the endpoint estimates for a class of non-standard commutators with higher order remainders and their variants. Moreover, the authors show that these operators are actually not bounded in certain cases.
Introduction and main results
During the development of Calderón-Zygmund operators and their commutators, a class of non-standard singular integrals and commutators with higher order remainders were well studied. There are many works on these topics; see [1] , [2] , [4] , [6] , etc. In this paper, we study the non-standard commutator defined by Here and in what follows, for any locally integrable function f on R n , FeffermanStein's sharp function of f is defined by
where B is any ball centered at x and m B (f ) = |B|
B f (z) dz. Moreover, f is said to belong to BMO(R n ) if f ∈ L ∞ (R n ) and define f BMO = f ∞ . A well-known property of BMO(R n ) is that it is the dual space of the Hardy space 
; see [4] and [9] , respectively. In this paper, we will study the boundedness properties of these kinds of commutators for the extreme values of p. In what follows, to avoid distinguishing the case α = 0 and the case 0 < α < n and to simplify the statements, we will constantly use a general boundedness assumption of T A α and let n/α = ∞ when α = 0. Note that when m = 1, T A α degenerates into the classical commutator of the fractional or singular integral
It is shown in [5] that, in general, this commutator does not map
However, this is not the case when m ≥ 2.
We also consider the variant of T A α , which is defined bȳ
where T α,γ is the singular or fractional integral with the kernel
and for any suitable functions b and f and any suitable linear operator T ,
By this, we see that if 1 < p, q < ∞ and
Theorems 1 and 2 indicate the non-standard commutators with higher order remainders. Their variants have better properties than the classical commutators, although they are more like commutators than the classical Calderón-Zygmund operators. As it is well known that the classical Calderón-Zygmund operators are both (H 1 , L n/(n−α) ) bounded and (L n/α , BMO) bounded. But this is not true for the non-standard commutators and their variants. In fact, by Theorems 1 and 2, the equality (1.2) and the unboundedness properties of classical commutators for the extreme values of p, we may expect that, in general,
. This is indeed true. To state our results, we need the concept of an atom. A function a is called an
and a(x) dx = 0. It is well known that the Hardy space H 1 (R n ) has the atomic decomposition characterization; see [8, Chapter 3] for details.
, then the following two statements are equivalent:
We remark that Theorems 1-4 are still true if the homogeneous kernels of the form
and
However, when these operators have homogeneous kernels, we can obtain a more significant result.
) not be zero, and, if α = 0, let Ω satisfy the additional moment conditions (1.1). Suppose that A has derivatives of order m − 1 in BMO(R n ). Then the following three statements are equivalent:
A is a polynomial of degree no more than m − 1.
It should be noted that the higher order derivatives of A are needed to be in BMO(R n ) for our results to be true. This assumption may probably not be removed since there is no criterion on the boundedness of these non-standard commutators analogous with the well-known Coifman-Rochberg-Weiss' theorem for the classical commutators.
By Theorem 5, one can easily deduce that T
A α = 0. This conclusion follows from the fact that if A is a polynomial of degree no more than m − 1, there is R m (A; x, y) = Q m (A; x, y) = 0. However, we remark that although T
In fact, in their recent paper [3] , Chen and Hu have proved this for the case α = 0. The proof for the case 0 < α < n is much similar. We will not give the details here.
Proof of the theorems
We will prove the theorems in this section. We remark that Theorem 1 can be proved by a standard sharp estimate. As for Theorem 2, because it has been essentially proved in [7] for the case α = 0 and in [9] for the case 0 < α < n, we will omit its proof. The ideas to prove Theorems 3 and 4 mainly come from [5] . However, the proof of Theorem 5 is not so trivial as that of the classical commutators in [5] . Now let us turn to the proof of the Theorems. We start with a key lemma.
Lemma 2.1 (see [4]). Let b(x) be a function on R n with m-th order derivatives in L
q loc (R n ) for some q > n. Then |R m (b; x, y)| ≤ C m,n |x − y| m |α|=m 1 |Q(x, y)| Q (x,y) |D α b(z)| q dz 1/q ,
whereQ(x, y) is the cube centered at x and having diameter
Proof of Theorem 1. Noting that
with the supremum taken over all balls centered at x on R n , we need only show that there exists c B so that
holds for any ball B = B(x, r) on R n with C independent of B and f. To do this, write f 1 = f χ 4B and f 2 = f − f 1 , choose y 0 ∈ 3B\2B, and take
Take 1 < p < n/α and q such that 1/q = 1/p−α/n. By the (L p , L q ) boundedness of T A α , the term I 1 can be well estimated:
To estimate the term I 2 , let
Obviously there is R m (A; y, z) = R m (Ã; y, z). By the formula (see [1] )
It follows from Lemma 2.1 that when |y − x| < r and 2 k r < |z − x| ≤ 2 k+1 r with k ≥ 2,
where we have omitted some well-known technical computations. Therefore, taking s, t > 1 so that 1/s + 1/t + α/n = 1 and using Hölder's inequality, we obtain
Thus,
Combining the estimate for I 1 and I 2 , we finish the proof.
Proof of Theorem 3. Because of the atomic decomposition theory of the space
, is equivalent to the fact that for any H 1 atom a there is T a q ≤ C. So we need only consider the behavior of T A α acting on an H 1 atom. Suppose that a is such an atom supported on B = B(x 0 , r 0 ). Let
Then by the vanishing condition of a, it is not difficult to verify that
Taking n/(n − α) < q < ∞ and p so that
In what follows, we assume that k ≥ 2. When x ∈ 2 k+1 B\2 k B, using the formula (2.1) and Lemma 2.1 we obtain
Thus, we have
Concerning the term µ 3 (x, u), since Ω is Lipschitz, we obtain
Now we see that T
A α a n/(n−α) ≤ C is equivalent to µ 4 (·, u) n/(n−α) ≤ C. Using the vanishing condition of a, we see the last expression is just (1.3). This finishes the proof.
Proof of Theorem 4. Let f ∈ L
n/α (R n ) and for any ball B ⊂ R n , write
Also, as in the proof of Theorems 1 and 3, let
For u ∈ 3B\2B, put
Then obviously there is
Like the estimate for I 1 in the proof of Theorem 1, it follows from the (
By the method of estimating the term I 2 in the proof of Theorem 1, but a little simpler here, we can show
Finally, since Ω is Lipschitz, a standard computation leads to
Then integrating in x on B and using the above estimates we obtain the equivalence of the estimate We first show that (1.3) implies (iii). Let a be any H 1 atom and
Suppose that a is supported on the ball B = B(x 0 , r 0 ). By ( 
dσ(x),
where N > 7 is any large positive integer. Noting that log(N/7) → ∞ as N → ∞,
